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^ ■ Abstract. In this paper we study eigenvalues of the closed eigenvalue problem 

of the differential operator £,, which is introduced by Colding and Minicozzi in [4], 
on an n-dimensional compact self-shrinker in R"+''. Estimates for eigenvalues of 
the differential operator £ are obtained. Our estimates for eigenvalues of the dif- 

■ ferential operator £ are sharp. As an application of our estimates for eigenvalues, 
we give an optimal upper bound for the first eigenvalue and a characterization of 
compact self-shrinkers in R"+?' with arbitrary co-dimension is given by the first 

1^ I eigenvalue. Furthermore, we also study the Dirichlet eigenvalue problem of the 

■ differential operator £ on a bounded domain with a piecewise smooth boundary 
in an n-dimensional complete self-shrinker in R'^+p. For Euclidean space R", 
the differential operator £ becomes the Ornstein-Uhlenbeck operator in stochastic 
analysis. Hence, we also give estimates for eigenvalues of the Ornstein-Uhlenbeck 
operator. 



> 

Q^■ 1. INTRODUCTION 



(N 



X: 



Let X : M" — )■ R"+p be an isometric immersion from an t?,- dimensional Riemannian 
manifold M" into a Euclidean space R*^"*"^. One considers a smooth one-parameter 
family of immersions: 

F{-,t) : M'^ ^R"+f 

satisfying F{-,0) = X{-) and 

(LI) {^^^f=H{P,t), {p,t)eMx[0,T), 

where H{p,t) denotes the mean curvature vector of submanifold Mt = F{M"',t) at 
point F{p,t). The equation (1.1) is called the mean curvature flow equation. A 
submanifold X : M" — )■ R"+p is said to be a self-shrinker in R"'"'"^ if it satisfies 



1.2) H = -X 



N 



where X^ denotes the orthogonal projection into the normal bundle of M" (cf. 
Ecker-Huisken |TU]). Self-shrinkers play an important role in the study of the mean 
curvature flow since they are not only solutions of the mean curvature flow equation, 
but they also describe all possible blow up at a given singularity of a mean curvature 
flow. Huisken [TTj proved that the sphere of radius y/n is the only closed embedded 
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self-shrinker hypersurfaces with non-zero mean curvature. For classifications of com- 
plete non-compact embedded self-shrinker hypersurfaces, Huisken [T2] and Colding 
and Minicozzi [1] proved that an n-dimensional complete embedded self-shrinker 
hypersurface with non-negative mean curvature and polynomial volume growth in 
R"+^ is a Riemannian product iS^ x R"~'^, < k < n. Smoczyk [13] has obtained 
several results for complete self-shrinkers with higher co-dimensions. 
For study of the rigidity problem for self-shrinkers, Le and Sesum [13] and Cao and 
Li [T] have classified n-dimensional complete embedded self-shrinkers in R^+p with 
polynomial volume growth if the squared norm |y4p of the second fundamental form 
satisfies < 1. For a further study, see Colding and Minicozzi [S] E], Ding and 
Wang p'J, Ding and Xin [SHI], Wang [T^ and so on. 

In [1], Colding and Minicozzi introduced a differential operator 2, and used it to 
study self-shrinkers. The differential operator 2, is defined by 

(1.3) £/ = A/-(X,V/) 

for a smooth function /, where A and V denote the Laplacian and the gradient op- 
erator on the self-shrinker, respectively and (■, ■) denotes the standard inner product 
of R"+P. We should notice that the differential operator £ plays a very important 
role in studying of t?,- dimensional complete embedded self-shrinkers in R^+p with 
polynomial volume growth in order to guarantee integration by part holds as in ^ . 

The purpose of this paper is to study eigenvalues of the closed eigenvalue problem 
for the differential operator £ on compact self-shrinkers in R"+p and eigenvalues of 
the Dirichlet eigenvalue problem of the differential operator £ on a bounded domain 
with a piecewise smooth boundary in complete self-shrinkers in R"+p. Since the 

differential operator £ is self-adjoint with respect to measure e ~dv, where dv is 
the volume element of and |Xp = {X,X), we know that the closed eigenvalue 
problem: 

(1.4) £u = -Au on Af^ 

for the differential operator £ on compact self-shrinkers in R*^"*"^ has a real and 
discrete spectrum: 

= Ao < Ai < A2 < ■ ■ ■ < Afe < ■ • • — ¥ 00, 

where each eigenvalue is repeated according to its multiplicity. We shall prove the 
following: 



Theorem 1.1. Let M" be an n- dimensional compact self-shrinker in R"^''^. Then, 
eigenvalues of the closed eigenvalue problem (1.4) satisfy 

(1.5) i^iX,^, - < 1 i^iX,^, - A.)(A. + - "''"'^ 



n ^-^ 4 

i=0 j=0 



Remark 1.1. The sphere S"'[^\fn) of radius ^/n is a compact self-shrinker in R"^^. 
For S''\y/n) and for any k, the inequality (1.5) for eigenvalues of the closed eigen- 
value problem (1.4) becomes equality. Hence our results in theorem 1.1 are sharp. 
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As an application our theorem 1.1, we obtain an optimal upper bound for the first 
eigenvalue Ai and the equality holds if and only if M" is the sphere of radius ^Jn^ 
which characterizes compact self-shrinkers in R'^"^^ with arbitrary co-dimension by 
the first eigenvalue of the differential operator £. 

Corollary 1.1. Let M" he an n- dimensional compact self-shrinker in R""*"^. Then, 
the first eigenvalue Ai of the closed eigenvalue problem (1.4) satisfies 

(1.6) Ai<2 ^ ' ' 

n 

and the equality holds if and only if M" is the sphere of radius ^Jn. 

Remark 1.2. S. Y. Cheng [3J proved that if the Ricci curvature Ric{M) of an n- 
dimensional compact Riemannian manifold satisfies Ric{M) > [n — l), then the first 
eigenvalue Ai of the Laplacian satisfies 

Ai < 



and the equality holds if and only if M is the sphere S'"(l) of radius 1. Hence, our 
corollary 1.1 can he seen as a version for compact self-shrinkers in R"+p. 

Furthermore, from the recursion formula of Cheng- Yang [2] , we can obtain an upper 
bound for eigenvalue A^: 

Theorem 1.2. Let M" he an n-dimensional compact self-shrinker in R""*"^. Then, 
eigenvalues of the closed eigenvalue prohlem (1.4) satisfy, for any k > 1, 

2n - miuM" \X\'^ a{min{n,k-l}) 2n-mmM"\X\'^ j2/n 

where the bound of a{m) can be formulated as: 
a(0) < 4, 
a(l) < 2.64, 

a(m) < 2.2-4 log(l + —(m- 3)), for m>2. 

50 

In particular, for n > 41 and > 41, we have 

2n — minM" \X\'^ ^ ,2n — minjv/" l-'^Px , o/n 
A. + < ( )k'/^. 



2. Preliminaries 

Suppose X : M" — > R^+p is an isometric immersion from Riemannian manifold 
M"' into the (n-l-p)-dimensional Euclidean space R"+f. Let {EA}At\ be the stan- 
dard basis of R'^+P. The position vector can be written hj X = (xi, X2, ■ ■ ■ , Xn+p)- 
We choose a local orthonormal frame field {ci, 62, ■ ■ ■ , e„, Cn+i, ■ ■ ■ , Cn+p} and the 
dual coframe field {a;i,a;2,-- - ,Un,u)n+i, ■ ■ ■ ,<^n+p} along M" of R""*"^ such that 
{ei, 62, ■ ■ ■ , e„} is a local orthonormal basis on M". Thus, we have 

Ua = 0, n-\-l<a<n-\-p 
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on M". From the Cartan's lemma, we have 

n 

The second fundamental form h of and the mean curvature vector H are defined, 
respectively, by 

n+p n n+p n 

a=n+l i,j=l a=n+l i=l 



One considers the mean curvature flow for a submanifold X : M" — )■ R"'+'". Namely, 
we consider an one-parameter family of immersions: 

satisfying F{-,0) = X{-) and 

(2.1) {^^^f=HiP,t), (p,t)GMx[0,T), 

where H{p,t) denotes the mean curvature vector of submanifold Mt = F[M^,t) at 
point F{p,t). An important class of solutions to the mean curvature flow equation 

(2.1) are self-similar shrinkers, which profiles, self-shrinkers, satisfy 

H = -X^, 

which is a system of quasi-linear elliptic partial differential equations of the second 
order. Here denotes the orthogonal projection of X into the normal bundle of 

In [1], Colding and Minicozzi introduced a differential operator £ and used it to 
study self-shrinkers. The differential operator £, is defined by 

(2.2) 2f = Af-{X,Vf) 

for a smooth function /, where A and V denote the Laplacian and the gradient 
operator on the self-shrinker, respectively. For a compact self-shrinker M" without 
boundary, we have 



f 

/ v£,u e 2 


dv 






= / v{Au- 


{X,Vu)) e-^dv 


= / vdiv(e^ 


2 Vu)dv 


= / u£,v e~' 


X|2 

2 dv, 







that is, 

f |-y|2 r _ wf. 

(2.3) / f£w e 2 dv = u2v e 2 dv, 
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for any smooth functions u, v. Hence, the differential operator £ is self-adjoint with 

respect to the measure e ~dv. Therefore, we know that the closed eigenvalue 
problem: 

(2.4) 2u = -Xu on 
has a real and discrete spectrum: 

= Ao < Ai < A2 < • • • < Afe < • • • — > 00. 
Furthermore, we have 

(2.5) £,xa — —xa- 
In fact, 

= {AX,Ea)-{X,EI) 

= {H,Ea)-{X,EI) 

= -{X"" ,Ea) - {X,El) = -XA. 

Denote the induced metric by g and define Vm • V^; = gi^u, Vv) for functions u, v. 
We get, from (2.5), 

(2.6) £|X|2 = ^{2xaS.xa + 2Vxa ■ Vxa)^ 2{n - \X\^). 



A=l 



Here we have used 



n+p 

Vxa ■ Vx^ = n. 

A=l 

Proposition 2.1. For an n- dimensional compact self-shrinker M"' without boundary 
in R"+*', we have 

min \Xf < n = /m- 1^1' < |^iV|2_ 

Proof. Since £ is self-adjoint with respect to the measure e ^-dv, from (2.6), we 
have 

n e dv — \X\ e ^ dv > min \X\ / e 2 dv. 
Furthermore, since 

(2.7) A\Xf = 2(n + {X, H)) = 2{n - |X^|'), 

we have 

n < maxlX^P. 

It completes the proof of this proposition. □ 
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3. Universal estimates for eigenvalues 

In this section, we give proof of the theorem 1.1. In order to prove our theorem 1.1, 
we need to construct trial functions. Thank to £X = —X. We can use coordinate 
functions of the position vector X of the self-shrinker to construct trial functions. 

Proof of Theorem 1.1. For an n-dimensional compact self-shrinker M" in R'*''"^, the 
closed eigenvalue problem: 

(3.1) 2.u=-\u onM" 

for the differential operator £ has a discrete spectrum. For any integer j > 0, let Uj 
be an eigenfunction corresponding to the eigenvalue Xj such that 

2,Uj = -XjUj on M" 

(3-2) , / , jr r 

UiUj e 2 dv = d^j, lor any 

From the Rayleigh-Ritz inequality, we have 

f _ p£ii 

— / (p2(p e 2 dv 

(3.3) Afe+i < 



2 -w^j ' 
(p e 2 dv 



for any function if satisfies (puj e 2 dv, < j < k. Since X : M" — >■ R"+^' is 
a self-shrinker in R""*"^, we have 



(3.4) H = -X^. 

Letting xa, a = 1, 2, • • • ,n + p, denote components of the position vector X, we 
define, for < i < A;, 

^ f l^l"^ 

(3.5) iff := XAUi - 'S^afjUj, afj = XAUiUj e ~dv. 
By a simple calculation, we obtain 

(3.6) / u,ffe-^dv = Q, = 0,1,--- ,A;. 
From the Rayleigh-Ritz incquaUty, we have 

ift^ipf e-^-^dv 



(3.7) Afe+i < 



/ {fff e ""2 dv 
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Since 

= Aipf - {X, Wift) 

k k 

= A{xAUi - afjUj) - (X, V{xAUi - afjUj)) 

j=0 j=0 

— XA^Ui + UiAxA + 2'Vxa ■ Vmj — {X, x^Vui + Vx^) 

(3-8) 

j=0 j=0 

k 

= -XiXAUi + Ui2xA + 2Vxa ■ + ^ afjXjUj, 

j=0 

we have, from (3.7) and (3.8), 

(A,+i-A,)|kf||^ 

(3 9) f 

< - / (wi^XA + 2Vxa ■ Vui) e'^dv := W^^, 



where 



On the other hand, defining 

bfj — — {uj£,XA + 2Vxa ■ Vuj)ui e ~dv 

we obtain 

(3.10) 65 = (A,-A>5. 

In fact. 



AjO^ = / XiUiUjXAe~^~ dv 



UjXA^Ui e dv 



e "2 dv 



- / Ui£,{UjXA) 

— / Ui{xA^Uj + UjSlXA + 2'Vxa ■ VUj) e 2 oJt; 



that is, 

6g = (Ai-A,)ag. 

Hence, we have 

(3.11) = 
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From (3.6), (3.9) and the Cauchy-Schwarz inequality, we infer 

= - / (pf{ui£.XA + 2WxA ■ S/Ui) e ^dv 

(pf{ui2xA + 2Vxa ■ - Kj'^j) e 

k 

< yf\\\\ui^XA + 2VxA-Vui-^hl 

j=0 

Hence, we have, from (3.9) and (3.12), 



= (Afe+i - \i)\\^ff\\ui2.XA + 2VxA -Vui-Y^ b: 

k 



j=0 

k 



U 



3=0 

Therefore, we obtain 

k 

(3.13) (Afe+i - XifW^ < {Xk+i - \)\\uiS^XA + 'iVxA • V^^ - J] hf^ 

j=0 

Summing on i from to for (3.13), we have 

k k k 

(3.14) ^(Afc+i - XifW,"" < ^(Afc+i - Xi)\\ui£xA + 2Vxa -^u^-Y, hf^u, 

i=0 i=0 j=0 

By the definition of and (3.10), we have 



\ui£xA + 2Vxa ■Vui-'Y bfj 

j=0 

— \\ui£xA + 2Vxa ■ Vwill^ 

k ^ „ k 



(3.15) 



- 2 XI ^5 / iy^i^^A + 2VxA ■ Vui)uj e'-^dv + Y^{bfj) 

3=0 -^^^ 3=0 

k 

\Ui2xA + 2\/XA ■ Vwill' - Y.H'^ 

3=0 

k 

S.XA + 2VxA ■ VuiW^ - ^(Ai - Xj)\ai 



2 



3=0 

k 

A\2 
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Furthermore, according to the definitions of Wf^ and ipf, we have from (3.10) 

J 

— — I {xai^S,xa + 2xAUiVxA ■ Vitj) e 
+ V]a^ / Uj{ui2,XA-\-'2S/xA-Vui) e~ 2 rf^; 

= - / {xa:^xa - -2{xA)^)u'^i e'-^dv + V apfj 
= / VxA-VxAUi e-'—dv + y^iXi- Xj){afjy. 



(3.16) 



Since 



(3.17) 



2^(A,+i-A,)^(A,-A,)(ag)2 
=0 

k k 

^(A,+i - AO^(A, - X,){a^r - X:(A.-M - A,)^(A, - A,)(ag)^ 



i,j=0 
k 



i,j=0 i,j=0 



= - ^ (Afe+i - Aj + Afe+1 - \j){Xi - Xj) {a^jY 

i,j=0 
k 

= —2 ^(Afe+i — Ai)(Aj — XjY 



i,j=0 

from (3.14), (3.15), (3.16) and (3.17), we obtain, for any A, A = 1, 2, • ■ ■ ,n + p, 

k 



V(Afc+i - Xif / VxA ■ VxAuf e-—dv 



(3.18) 

< ^(Afc+i - Xi)\\ui2xA + 2VxA-Vui\\^. 

i=0 

On the other hand, since 

n+p 



Six A = -xa, ^(Vxa • Vwj)^ = Vui ■ Vui 



A=l 
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we infer, from (2.6), 

n+p 

\\ui£,XA + 2Vxa ■ Vwill^ 



A=l 
n+p 



\ 2 _ P£r. 

£,xa + 2'Vxa ■ Vwij e 2 dv 



A=l 

(3-19) 



= E / ('"i (^^)^ ~ 4uiXa^XA ■ + 4(Vxa • Vuif) e' — dv 
A=i -^^^ 

n+p » 9 /■ 9 

/ I X I / I -X" I 

^ E / ("i (^^)^ ~ V(xa)^ • Vw,^) e"— dt; + 4 / Vii^ • e~—dv 

A=l 

Jm" 

= /" {2n- e--^dv + 4Xi 

< (2n - min IXH + 4Ai. 
Furthermore, because of 

n+p 

(3.20) Vxa ■ Vxa = n, 

A=l 

taking summation on A from 1 to n + p for (3.18) and using (3.19) and (3.20), we 
get 

- A.)' < i - ^<)(^' + 1-^1% 

■^^ — ' n — ^ 4 

It finished the proof of the theorem 1.1. 

□ 

Proof of Corollary 1.1. Taking A; = in the theorem 1.1, we have 

A^<A,(2- "^^^^" 

^ n ' 

namely, 

miuM.lXP 
^ n ' 

because of Ai > 0. If 

A, ^(2-"^^"^" 

^ n ' 

holds, we know that all of inequalities in the proof of theorem 1.1 becomes equality. 
Thus, for any A, wc have that (^q = [xa — (^oojuo is an eigenf unction for the first 
eigenvalue Ai. Hence, 

(3.21) ^^^(^_ minM^ |Xp 
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from (2.5) since uq is constant. Since (3.19) becomes equalities, we have 

\X\^ = minlXP 

according to uq = constant. Therefore, we obtain, from (3.21), \X\'^ — n, that is, 
M"- is the sphere of the radius ^/n. 

□ 

4. Upper bounds for eigenvalues 

In order to prove the theorem 1.2, we need to obtain better estimates for lower order 
eigenvalues. 

Proposition 4.1. Let Af" be an n- dimensional compact self-shrinker in R""^^. 
Then, eigenvalues of the closed eigenvalue problem (1.4) satisfy 

n 

E( Vi - Ai) < (2n - imn \X\') + 4Ai. 

Proof. Let Uj be an eigenfunction corresponding to the eigenvalue Xj such that 

= -XjUj on M"- 



(4-1) S f r . 

' / UiUj e av — Oij, tor any 

We consider an {n + p) x (n +p)-matrix 5 = (6ab) defined by 

= / XaUiUb+iC 2 (if. 

Prom the orthogonalization of Gram and Schmidt, there exist an upper triangle 
matrix R — (Rab) and an orthogonal matrix Q — (g^s) such that R — QB. Thus, 

n+p „ n+p 

(4.2) Rab = ^ QAcbcB = / XI QacXcUiUb+i = 0, for 1 < B < A < n + p. 
Defining = Yla^i Qac^c, we have 

(4.3) / VaUiUb+i = / XI ^^ca^c^i^is+i = 0, for 1 < S < >1 < n + p. 
Therefore, the functions (pA defined by 

= (z/A - aA)iii, OA = / yAti? e 2~c?f , for 1 < A<n + p 

satisfy 

(^Aits+i = 0, for < i? < A < n + p. 



/ 

J M 



If Ai = 1, then, Ai = A2 = ■ ■ ■ = A„+i — 1 since xa, A = 1,2,- •• ,n + p, are 
eigenfunctions corresponding to the eigenvalue 1. In this case, the result in the 
proposition 4.1 is obvious. 
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If Ai < 1, we have 



/ 
I 

J M 



_li£r. / \xr 

xaUiC 2 dv — 2,XAUie 2 dv 

_\xf_ f 

XA^Uie 2 dv = — Ai / xaUiC 2 dv. 



Hence, 

r |x|2 

XAUie 2 dv — 0, 



j 

J M 



for any A = 1,2, ■ ■ ■ ,n + p. Since the eigenfunction uq corresponding to the eigen- 
value Ao = is a constant, we have 

/ \ f f X|2 r X|2 

(4.4) / fAii'O^ ^ dv = {ua — aA)uQUie 2 dv = uq / VaUic 2 (it) = 0. 

Therefore, is a trial function. Prom the Rayleigh-Ritz inequality, we have, for 
1 < A < n + p, 

|2 



(4.5) \a+i < 



ipA^^A e 2 c^t; 
M" 



From the definition of ipA-, we derive 

= A{(i/A - aA)^^i} - {X, V{{yA - 0^)^!}) 
= HaS^ui + uiHijA + 2Vi/A ■ Vmi - qa-Cmi 
= -XijjA'Ui - + 2VyA • Vui + oaAiMi. 

Therefore, (4.5) can be written as 

(4.6) (Aa+1 - Ai)||(y5A||^ < / (i/AMi - 2VyA • Vmi)(/?a e ^dv. 

From the Cauchy-Schwarz inequality, we obtain 

( / {vaUi - 2VyA ■ Vui)ipA e^^~^dv\ < W^paW^WvaUi - 2VyA ■ Viii||^. 

\Jm" / 

Multiplying the above inequality by (A^+i — Ai), we infer, from (4.6), 

(Aa+1 - ^1) \ {vaUi - 2VyA ■ Vui)ipA e'^'^dv] 
(4-7) < (Aa+1 - Xi)yA\\^yAUi - 2VyA ■ Vwif 

< ( / {vaUi - 2VyA ■ Vmi)</?a e~~^dv\\\yAUi - 2VyA ■ Vwi|p 
Hence, we derive 

(4.8) (Aa+1 - Ai) / {yAUi - 2VyA ■ Vmi)</7a e "^dv < \\yAUi - 2VyA ■ Viii| 
7m" 



Since 
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n+p n+p 



A=l A=l 



we infer 



n+p 

WvaUi - 2VyA ■ Vmi 

A=l 

n+p 



(4.9) 



f \x\^ 

Yl / (^^"i ~ "^VaUiVva ■ Vtii + 4(V|/A • Vwi)2) e"— dt; 

= / {\X\'^ui + 2.\X\\l + 4:Vui-Vui)e-^dv 

= I (2n- e-^di; + 4Ai < (2n-min|XP) +4Ai. 

On the other hand, from the definition of (^a, we have 
/ [vaUi - 2VyA • VuijipA e~ 2 dv 

= / {VauI - claVauI + 2aAUiVyA ■ Viti - 2yAUiVyA ■ Vwi) e ^dv 

f 1 i^P 

(4.10) = / {y\ul - aAyAul - aA^yAul + -2,y\u^^ e ~dv 

f 1 i^P 

= / {yWi + o^yWi) e-—dv 

For any point p, we choose a new coordinate system X — (xi, • • • ,Xn+p) of R"+^ 
given by X — X{p) — XO such that i-^)p,--- A'S^)p ^P^^ TpM"- and at p, 

^(A'ai;) ^ '^iJ' ^ ^ (^^s) ^ 0(n + p) is an (n + p) x (n+p) orthog- 

onal matrix. 

n+p 



^yA ■ yyA = ^(VyA, V^/a) = 5Z (lABqACgi^XB, Vxc) 

B,C=1 

n+p n+p n+p 

= XI ^ABqACgiY^, OPB^Xp, OgcVxg) 



B,C=1 D=l B=l 
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n+p 

= XI QABODBqACOECgi^XD, Vxe) 

B,C,D,E=1 

n n+p 

-Y.(}l'i^BOjBY< 1 

3=\ B=l 

since OQ is an orthogonal matrix if Q and O are orthogonal matrices, that is, we 
have, on M", 

(4.11) VvA ■ < 1. 

Thus, we obtain, from (4.10) and (4.11), 



^■(Aa+i - Ai) / (?/aMi - 2VyA • Vmi)</?a e ^dv 

"±P r 
= V(Aa+i - Ai) / VyA ■ ^VAuj e 2 dv 
A=i J^-" 

El \x\^ 
(Aj+i - Ai) / Vyj ■ Vyjui e 2 dv 

El 2 -Hi- 

(Aa+1 - Ai) / V^/A • VyA^i e 2 dv 

A=n -^Af" 

n « „ 
^ / 1-^1 

j=i 

n+p „ 2 

(4.12) + V(A„+i - AO / Vy^ • VvauI e'^-^dv 

A=n -^^^ 

E/ 2 1^1 

(Aj+i - Ai) / Vy^- • V%Mi e 2 rfi; 

+ (A„+i - Ai) / (n - Vy^- • Vyj)ul e ^dv 

n „ 

= y^(^j+i - ^1) / • "^Vj^l e-—dv 

j=i 

+ (A„+i - Ai) / V(l - Vyj ■ Vyj)ul e'^dv 

n 

>E(Vi-Ai). 
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According to (4.8), (4.9) and (4.12), we obtain 

n 

y^(Xi+i - Ai) < (2n - min IXP) + 4Ai. 

This completes the proof of the proposition 4.1. □ 
Proof of Theorem 1.2. Let 

2n- minAfn \X\'^ 
/Ui+i = Ai H > 0, 

for any z = 0, 1, 2, ■ ■ ■ , according to the proposition 2.1. Then, we obtain from (1.5) 
(4.13) ^(/ifc+i - fJ'if < - X^(/^fc+i - Ai)/ij. 

i=l ^ 1=1 

From the proposition 4.1 and the recursion formula of Cheng and Yang [2j, the proof 
of the theorem 1.2 is completed. 

□ 



5. The Dirichlet eigenvalue problem 

For a bounded domain Q with a piecewise smooth boundary dQ in an n-dimensional 
complete self-shrinker in R""'"'', we consider the following Dirichlet eigenvalue prob- 
lem of the differential operator £: 



(5.1) 



£,u = —Xu in 

u = on dQ. 



This eigenvalue problem has a real and discrete spectrum: 

< Ai < A2 < ■ ■ • < Afc < ■ ■ • — > 00, 

where each eigenvalue is repeated according to its multiplicity. We have following 
estimates for eigenvalues of the Dirichlet eigenvalue problem (5.1). 

Theorem 5.1. Let Q be a bounded domain with a piecewise smooth boundary dQ 
in an n-dimensional complete self-shrinker M" in R^+p. Then, eigenvalues of the 
Dirichlet eigenvalue problem (5.1) satisfy 

E(A.+i - A.)^ < 1 - AO(A. + 

1=1 ^ i=l 

From the recursion formula of Cheng- Yang [2], we can give an upper bound for 
eigenvalue Afc+i: 

Theorem 5.2. Let Q be a bounded domain with a piecewise smooth boundary dQ 
in an n-dimensional complete self-shrinker M" in R""''^. Then, eigenvalues of the 
Dirichlet eigenvalue problem (5.1) satisfy, for any k > 1, 

2n-infQ|XP a{min{n,k - 1}) 2n - inf^ |Xp 2/„ 

4 n 4 
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where the bound of a{m) can he formulated as: 
a(0) < 4, 
ad) < 2.64, 



a(m) < 2.2 - 4 log(l + —(m - 3)), for m>2. 

50 

In particular, for n > 41 and k > Al, we have 

, 2n-infn|Xp 2n-infn|X|% 2/n 
■^k+i H ^ S [M H )K . 

Remark 5.1. For the Euclidean space R", the differential operator £ is called 
Ornstein- Uhlenbeck operator in stochastic analysis. Since the Euclidean space R" is 
a complete self-shrinker in R""*"^, our theorems also give estimates for eigenvalues 
of the Dirichlet eigenvalue problem of the Ornstein- Uhlenbeck operator. 

Proof of Theorem 5.1. By making use of the same proof as in the proof of the 
theorem 1.1, we can prove the theorem 5.1 if one notices to count the number of 
eigenvalues from 1. 

□ 

By making use of the same assertion as in the proposition 4.1, we have 

Proposition 5.1. Let Q be a bounded domain with a piecewise smooth boundary dQ 
in an n-dimensional complete self-shrinker M" in R"'^^. Then, eigenvalues of the 
Dirichlet eigenvalue problem (1.6) satisfy 

n 

- Al) < (2n - inf \X\^) + 4Ai. 

i=i 

Proof of Theorem 5.2. By making use of the same proof as in the proof of the 
theorem 1.2, we can prove the theorem 5.2 if one notices to count the number of 
eigenvalues from 1. 

□ 
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